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ON FELDMAN-ILMANEN-KNOPF CONJECTURE FOR THE BLOW-UP
BEHAVIOR OF THE KA¨HLER RICCI FLOW
BIN GUO∗ AND JIAN SONG†
Abstract. We consider the Ricci flow on CPn blown-up at one point starting with any U(n)-
invariant Ka¨hler metric. It is proved in [31, 9, 21] that the Ka¨hler-Ricci flow must develop Type
I singularities. We show that if the total volume does not go to zero at the singular time, then
any Type I parabolic blow-up limit of the Ricci flow along the exceptional divisor is the unique
U(n)-complete shrinking Ka¨hler-Ricci soliton on Cn blown-up at one point. This establishes the
conjecture of Feldman-Ilmanen-Knopf [8].
1. Introduction
The Ricci flow, first introduced by Hamilton ([10]), is the parabolic equation
∂g
∂t
= −2Ric(g)
evolving the Riemannian metrics by its Ricci curvature. It has become a fundamental tool to study
geometry and topology. The Ka¨hler-Ricci flow is the Ricci flow on a Ka¨hler manifold starting with
a Ka¨hler metric. The Ka¨hler Ricci flow has developed into a vast field and has made important
progress in recent years (e.g.[14, 20, 15, 16, 17, 18, 19, 22, 23, 24, 28, 6] this list is far from complete).
In this paper, we study the unnormalized Ka¨hler Ricci flow
(1.1)
∂ω
∂t
= −Ric(ω), ω(0) = ω0
on X = CPn#CPn, i.e., CPn blown-up at one point. We will always assume that the initial Ka¨hler
metric ω0 is invariant under the action of a maximal compact subgroup U(n) of the automorphism
group of X. It is proved ([25]) that the flow (1.1) must develop finite time singularity and it either
shrinks to a point, collapses to CPn−1 or contracts an exceptional divisor, in the Gromov-Hausdorff
topology.
The Ricci flow solution g(t) is said to develop type I singularity on X at the finite singular time
T if there exists C > 0 such that
sup
X×[0,T )
(T − t)|Rm(g(t))| ≤ C.
It is proved in [13, 7] that if the Ricci flow develops type I singularity on a closed manifold, then
the type I blow-up limit along essential singularities must be a nontrivial complete shrinking Ricci
soliton.
CP
n blown-up at one point is in fact a CP1 bundle over CPn−1 given by
X = P(O
CP
n−1 ⊕O
CP
n−1(−1)).
Let D0 be the exceptional divisor of X defined by the image of the section (1, 0) of OCPn−1 ⊕
O
CP
n−1(−1) and D∞ be the divisor of X defined by the image of the section (0, 1) of OCPn−1 ⊕
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O
CP
n−1(−1). Both the 0-section D0 and the ∞-section are complex hypersurfaces in X isomorphic
to CPn−1. The Ka¨hler cone on X is given by
K = {−a[D0] + b[D∞] | 0 < a < b}.
In particular, when n = 2, D0 is a holomorphic S
2 with self-intersection number −1. We will write
the exceptional divisor of X as E and it is in fact equal to D0.
Let ω0 be the initial U(n) invariant Ka¨hler metric of the Ricci flow (1.1) on X. We let [ω0] ∈
b0[D∞]− a0[D0] with 0 < a0 < b0. Then the limiting behavior of the Ricci flow can be summarized
in the following three cases.
When the initial Ka¨hler class is proportional to the first Chern class, i.e.
a0(n − 1) = b0(n+ 1),
the flow shrinks to a point at the singular time T = a0/(n − 1) ([25]). It is shown in [31] that
the flow must develop Type I singularities and the rescaled Ricci flow converges in the Cheeger-
Gromov-Hamilton sense to the unique compact shrinking Ka¨hler Ricci soliton on X constructed in
[3, 11, 29].
When the initial Ka¨hler class satisfies
a0(n − 1) > b0(n+ 1),
the flow collapses to CPn−1 at T = (b0 − a0)/2 ([25]). It is shown in [9] that the flow must develop
Type I singularities and the rescaled flow converges in Cheeger-Gromov-Hamilton sense to the
ancient solution that splits isometrically as Cn−1 × CP1.
The initial Ka¨hler class condition of
a0(n − 1) < b0(n+ 1),
is equivalent to the limiting total volume being strictly positive at the singular time T = a0/(n−1),
i.e.,
(1.2) lim inf
t→T−
V ol(X, g(t)) > 0,
and the flow contracts the exceptional divisor D0 at T ([25]). In fact a0(n − 1) < b0(n + 1)
is equivalent to the condition (1.2) . It is then shown in [21] that the flow (1.1) must develop
Type I singularities and the parabolic blow up of the Type I Ricci flow along the exceptional divisor
converges to a complete non-flat shrinking Ka¨hler Ricci soliton on a complete manifold diffeomorphic
to Cn blown-up at one point.
Theorem 1.1 ([21]). Let X be CPn blown-up at one point and E be the exceptional divisor. Let
g(t) be the U(n)-invariant solution to (1.1) on X on [0, T ), where T ∈ (0,∞) is the singular time
of the flow. If
lim inf
t→T−
V ol(X, g(t)) > 0,
the flow develops type I singularity. Moreover, for any sequence tj → T , we consider the type I
parabolic rescaled flows (X, p, gj(t)) defined on [− tjT−tj , 1) by
(1.3) gj(t) =
1
T − tj g(tj + t(T − tj))
with a fixed base point p ∈ E. Then there exist a subsequence converging in Cheeger-Gromov-
Hamilton sense (C∞-topology) to a complete shrinking non-flat gradient Ka¨hler Ricci soliton on a
complete Ka¨hler manifold diffeomorphic to Cn blown-up at one point.
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It is proved by Feldman-Ilmanen-Knopf [8]) that there exists a unique U(n) invariant complete
Ka¨hler-Ricci gradient shrinking soliton on Cn blown-up at one point (FIK soliton) and they further
made the following conjecture.
Conjecture 1.1. Let g(t) be the U(n) invariant metrics satisfying the Ka¨hler-Ricci flow on X =
CP
n blown-up at one point for t ∈ [0, T ). Let T ∈ (0,∞) be the singular time and
lim inf
t→T−
V ol(X, g(t)) > 0.
Then the flow develops type I singularities and any type I parabolic blow-up limit of g(t) with a fixed
base point in the exceptional divisor E is the unique FIK soliton on Cn blown-up at one point.
This conjecture was partially established by Maximo ([12]) when the dimension n = 2 under
certain open conditions on the initial metric. Our main result in this paper is to show that in the
non-collapsed case, the blow-up limit of the Ka¨hler Ricci flow is biholomorphic to Cn blown-up at
one point and the limit Ka¨hler Ricci soliton is the FIK soliton constructed in [8] on Cn blown-up
at one point, hence establishing Conjecture 1.1. Our main theorem is
Theorem 1.2. Let X be CPn blown-up at one point and E be the exceptional divisor. Let g(t) be
the U(n)-invariant solution to (1.1) on X on [0, T ). If
lim inf
t→T−
V ol(X, g(t)) > 0,
we fix any base point p ∈ E and let (X∞, p∞, g∞) be the Cheeger-Gromov-Hamilton limit of
(X, p, gj(t)), where gj(t) is defined by (1.3). Then (X∞, p∞, g∞) is biholomorphic to C
n blown-
up at one point and g∞ is a complete, U(n) symmetric Ka¨hler Ricci soliton metric, hence is one of
the FIK solitons constructed in [8].
For n ≥ 2, there exist infinitely many distinct complex structures on R2n and so on its com-
plex blow-up at a point. U(n) symmetry in the complex setting is more complicated than O(2n)
symmetry in the real setting due to the complex structures, in particular, the complex structures
might possibly degenerate or jump the variation limits. For example, the manifolds OCPn(−k) with
odd 1 ≤ k < n are all diffeomorphic, but as complex manifolds they admit different complex struc-
tures and hence different U(n)-invariant complete shrinking Ka¨hler Ricci soliton metrics ([8]). Our
strategy is (1) to construct a U(n)-action on the limit manifold X∞, which is holomorphic with
respect to the limit complex structure on X∞, (2) to construct a holomorphic fiber bundle map
F∞ : X∞ → CPn−1, and (3) to show this fiber bundle is in fact OCPn−1(−1) and the limit metric g∞
is U(n)-invariant. Our proof can also be applied to the Ka¨hler-Ricci flow on P(O
CP
n−1⊕O
CP
n−1(−k))
with U(n)-invariant initial Ka¨hler metric for 1 ≤ k ≤ n − 1 and as long as the total volume does
not tend to 0 at the singular time, the flow must develop type I singularities and the type I blow-up
limit along the exceptional divisor must be the unique U(n)-invariant complete shrinking gradient
Ka¨hler-Ricci soliton on O
CP
n−1(−k) constructed in [8].
This paper is organized as follows. In Section 2, we collect some known facts about the Ka¨hler
Ricci flow with U(n) symmetry on X. In Section 3, we prove some a priori estimates and construct
the limit map F∞ : X∞ → CPn−1 and limit holomorphic vector field V∞ on X∞. In Section 4, we
show that the U(n) actions on Xj can pass to the limit X∞ and we can define a U(n)-action on
X∞, and prove that X∞ is either the holomorphic line bundle OCPn−1(−1) or the disk subbundle
of O
CP
n−1(−1). In Section 5 we finish the proof of Theorem 1.2 by showing that if X∞ is the disk
bundle in O
CP
n−1(−1) then the limit metric g∞ cannot be complete, hence X∞ is OCPn−1(−1).
Throughout this paper, we will use ω to denote the Ka¨hler form of a Ka¨hler metric g, without
specifically mentioning this. And C will denote a uniform constant depending only on the dimension
n and the initial Ka¨hler metric, which may be different from line to line.
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2. Preliminaries
In this section, we collect some backgrounds and known results about the flow (1.1).
2.1. Calabi symmetry. Let X = CPn#CPn be CPn blown-up at one point and it is a CP1 bundle
over CPn−1 given by
(2.1) X = P(O
CP
n−1 ⊕O
CP
n−1(−1)).
Let D0 be the exceptional divisor of X defined by the image of the section (1, 0) of OCPn−1 ⊕
O
CP
n−1(−1) andD∞ be the divisor defined by the image of the section (0, 1) ofOCPn−1⊕OCPn−1(−1).
Both divisors D0 and D∞ are complex hypersurfaces isomorphic to CP
n−1. The Ka¨hler cone on X
is given by
K = {−a[D0] + b[D∞] | 0 < a < b}.
Let z = (z1, . . . , zn) be the standard complex coordinates on C
n. Define ρ = log |z|2 = log(|z1|2 +
· · ·+ |zn|2) on Cn\{0}.
Definition 2.1. A smooth convex function u = u(ρ) for ρ ∈ (−∞,∞) is said to satisfy the Calabi
symmetry conditions, if
(1) u′′(ρ) > 0, u′(ρ) > 0 for ρ ∈ (−∞,∞),
(2) There exist 0 < a < b and smooth functions U0, U∞ : [0,∞)→ R such that
U ′0(0) > 0, U
′
∞(0) > 0,
u(ρ) = aρ+ U0(e
ρ) near ρ = −∞,
u(ρ) = bρ+ U∞(e
−ρ) near ρ = +∞.
It is known ([1]) that a metric ω = i∂∂¯u which defines a smooth Ka¨hler metric on Cn\{0} extends
to a Ka¨hler metric on X = CPn#CPn if and only if u satisfies the Calabi symmetry condition, and
it defines a Ka¨hler metric in the class −a[D0] + b[D∞].
On Cn\{0}, the Ka¨hler metric ω = i∂∂¯u is given by
(2.2) ω =
√−1gij¯dzi ∧ dz¯j =
(
e−ρu′δij + e
−2ρz¯izj(u
′′ − u′)
)√−1dzi ∧ dz¯j .
The metric ω is invariant under the standard unitary U(n)-actions on Cn, hence also invariant under
the induced U(n)-actions on X, i.e. U(n) ⊂ Isom(X,ω), the isometry group of ω.
On Cn\{0}, det(gij¯) = e−nρ(u′)n−1u′′ and the Ricci potential of ω = i∂∂¯u is
v = − log det gij¯ = nρ− (n− 1) log u′ − log u′′,
and Ricci curvature tensor of ω is given by
Rij¯ = e
−ρv′δij + e
−2ρz¯izj(v
′′ − v′).
It is known ([25]) that the Calabi symmetry is preserved by the Ka¨hler Ricci flow (1.1), in other
words, the evolving Ka¨hler metrics ω(t) of (1.1) is invariant under U(n)-action if the initial metric
ω0 is U(n)-invariant. In [25] it is shown that (1.1) can be reduced to the following parabolic equation
for u = u(ρ, t)
(2.3)
∂
∂t
u(ρ, t) = log u′′(ρ, t) + (n− 1) log u′(ρ, t)− nρ,
where the evolving metrics ω(t) are given by ω(t) = i∂∂¯u(ρ, t). If the initial Ka¨hler metric ω(0) ∈
−a0[D0] + b0[D∞], then the evolving Ka¨hler class is given by
ω(t) ∈ −at[D0] + bt[D∞], with at = a0 − (n− 1)t, bt = b0 − (n+ 1)t.
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We will identify the zero section D0 ⊂ X as the exceptional divisor E ∼= CPn−1 in Cn blown-up
at the origin, and Cn ⊂ CPn. Under the U(n) invariant metric g = ω = i∂∂¯u, the distance from a
point z ∈ Cn\{0} to E is given by
dg(z,E) =
1
2
∫ log |z|2
−∞
√
u′′(ρ)dρ.
The Calabi symmetry condition (2) above implies this distance is finite for finite z(6= 0).
We define the tubular neighborhood Bg(E,R) of E (in the following we also call Bg(E,R) as
metric balls centered at E) as
Bg(E,R) := {q ∈ X | dg(q,E) ≤ R},
which (for R small) can be identified as π−1(B) for some Euclidean ball B ⊂ Cn centered at 0 and
π : C˜n → Cn is the blown-up map of Cn at 0. The volume of Bg(E,R) with respect to the metric
ω = i∂∂¯u is given by
(2.4)
∫
B(E,R)
ωn = C(n)
∫ ρR
−∞
(u′(ρ))n−1u′′(ρ)dρ,
for some constant C(n) depending only on the dimension and ρR is the unique constant determined
by the equation
(2.5) R =
1
2
∫ ρR
−∞
√
u′′(ρ)dρ,
i.e., a point z ∈ Cn\{0} with log |z|2 = ρR satisfies z ∈ ∂Bg(E,R).
We recall the following formulas of gradient and Laplacian of a U(n) invariant function, which
follow from direct calculations so we omit the proof.
Lemma 2.1. Suppose f is a U(n)-invariant function on X, then with respect to the metric ω =
i∂∂¯u, we have
|∇f |2ω =
(f ′)2
u′′
, ∆ωf = (n− 1)f
′
u′
+
f ′′
u′′
,
where as usual for the function f , f ′ = ∂∂ρf , f
′′ = ∂
2f
∂ρ2 .
2.2. Type I solutions. Recall the Ricci flow (1.1) is said to develop Type I singularity if
sup
(x,t)∈X×[0,T )
(T − t)|Rm|(x, t) <∞,
where T ∈ (0,∞) is the singular time.
Theorem 2.1 ([21, 9, 31]). Let X be CPn blown-up at one point. Then the Ka¨hler Ricci flow (1.1)
on X must develop Type I singularities for any U(n) invariant initial Ka¨hler metric.
Let g(t) be the solution on [0, T ). For any tj → T , we consider the rescaled flows (X, gj(t))
defined on [− tjT−tj , 1) by
gj(t) =
1
T − tj g(tj + t(T − tj)).
Then one and only one of the following must occur.
(1) ([21]) If lim inft→T (T−t)−1V ol(X, g(t)) =∞, then (X, gj(t), p) sub-converges in C∞ Cheeger-
Gromov-Hamilton (CGH) sense to a complete shrinking non-flat gradient Ka¨hler Ricci soli-
ton on a complete Ka¨hler manifold diffeomorphic to C˜n, for any fixed point p ∈ E, the
exceptional divisor.
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(2) ([9]) If lim inft→T (T − t)−1V ol(X, g(t)) ∈ (0,∞), then (X, gj(t), pj) sub-converges in C∞-
CGH sense to (Cn−1 × CP1, gCn−1 ⊕ (−t)gFS), where gCn−1 is the standard flat metric on
C
n−1 and gFS is the Fubini-Study metric on CP
1 for any sequence of points pj.
(3) ([31]) If lim inft→T (T − t)−1V ol(X, g(t)) = 0, then (X, gj(t)) converges in C∞-CGH sense
to the unique compact shrinking Ka¨hler Ricci soliton on CPn blown-up at one point.
Our main result in this paper is to show the limit Ka¨hler Ricci soliton in case (1) is in fact one
of the FIK solitons constructed in [8], and the limit space is biholomorphic to C˜n, Cn blown-up at
one point.
Suppose the initial U(n)-invariant Ka¨hler metric lies in the class −a0[D0] + b0[D∞]. It is proved
([25]) that the condition in case (1) above that lim inft→T−(T − t)−1V ol(X, g(t)) = ∞ (see also
(1.2)) is equivalent to the inequality
0 < a0(n+ 1) < b0(n− 1).
And the Ka¨hler Ricci flow (1.1) will contract the exceptional divisor D0 at the singular time
(2.6) T =
a0
n− 1 .
Throughout this paper we will assume 0 < a0(n+ 1) < b0(n− 1).
2.3. Cheeger-Gromov convergence. Let gj := gj(0) =
1
T−tj
g(tj) and Xj = X, pj = p ∈ D0 = E
be a fixed point, then from case (1) in Theorem 2.1, we know the pointed manifolds (Xj , pj , gj)
converge in C∞ Cheeger-Gromov (CG) sense to a complete Ka¨hler manifolds (X∞, p∞, g∞) and
g∞ is a nontrivial complete shrinking Ka¨hler Ricci soliton. Recall the CG convergence means that
there exists a sequence of increasing relatively compact exhaustion {Uj} ofX∞, and diffeomorphisms
(onto its image) φj : Uj → Xj satisfying φj(p∞) = pj and
(2.7) φ∗jgj
C∞loc−−→ g∞, φ∗jJj
C∞loc−−→ J∞,
where Jj , J∞ are the complex structures on Xj ,X∞, respectively, compatible with the Ka¨hler
metrics gj , g∞.
Since the restriction of the metrics gj to E are (n− 1)gFS where gFS is the Fubini-Study metric
on CPn−1, we have
Lemma 2.2 (see also [21]). The diameter of (E, gj |E) is Dn = αn(n − 1)1/2, hence uniformly
bounded. Here αn = the diameter of (CP
n−1, gFS).
For notational convenience, we will also denote the exceptional divisor E ⊂ Xj = X by Ej.
3. A priori estimates
As we mentioned before, we will assume the initial Ka¨hler metric lies in −a0[D0] + b0[D∞] with
0 < a0(n+ 1) < b0(n− 1). The evolving metrics belong to the Ka¨hler classes
ω(t) ∈ −at[D0] + bt[D∞], with at = a0 − (n− 1)t, bt = b0 − (n+ 1)t.
The evolution equations for the potentials of the evolving metrics ω(t) = i∂∂¯u(ρ, t) for ρ ∈ (−∞,∞)
and t ∈ [0, T ), where T is given in (2.6), are given by ([25, 21])
(3.1)
∂
∂t
u′ =
u′′′
u′′
+ (n− 1)u
′′
u′
− n,
(3.2)
∂
∂t
u′′ =
u(4)
u′′
− (u
′′′)2
(u′′)2
+ (n− 1)u
′′′
u′
− (n − 1)(u
′′)2
(u′)2
,
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∂
∂t
u′′′ =
u(5)
u′′
− 3u
′′′u(4)
(u′′)2
+
2(u′′′)3
(u′′)3
+ (n− 1)u
(4)
u′
− 3(n− 1)u
′′u′′′
(u′)2
+ 2(n − 1)(u
′′)3
(u′)3
.
(3.3)
Along the flow (1.1) or (2.3), we have (see ([25, 21]))
Lemma 3.1. There exists a constant C > 0 such that for all t ∈ [0, T ) and ρ ∈ (−∞,∞) such that
(3.4) (n− 1)(T − t) = at ≤ u′ ≤ C,
and
(3.5) 0 ≤ u
′′
u′
≤ C, −C ≤ u
′′′
u′′
≤ C.
Lemma 3.2. There exists a constant C > 0 such that for all t ∈ [0, T ) and ρ ∈ (−∞,∞)
(3.6) C−1(u′ − at)(bt − u′) ≤ u′′ ≤ C(u′ − at)(bt − u′).
Proof. The proof of the second inequality is given in Lemma 4.5 of [25], and the first inequality can
be proved following the same argument as in [25]. For readers’ convenience we include the proof
below.
Consider the quantity H = log u′′− log(u′− at)− log(bt−u′), using the evolution equations (3.1)
and (3.2) we have
∂H
∂t
=
1
u′′
(u(4)
u′′
− (u
′′′)2
(u′′)2
+ (n− 1)u
′′′
u′
− (n− 1)(u
′′)2
(u′)2
)
− 1
u′ − at
(u′′′
u′′
+ (n− 1)u
′′
u′
− 1
)
− 1
bt − u′
(
− u
′′′
u′′
− (n− 1)u
′′
u′
− 1
)
.
(3.7)
It can be checked by Calabi symmetry condition that for each fixed t ∈ [0, T )
lim
ρ→±∞
u′′(ρ, t)
(bt − u′(ρ, t))(u′(ρ, t)− at) =
1
bt − at ,
which is uniformly bounded above and below in our case.
For any T ′ ∈ (0, T ), suppose the minimum of H on X × [0, T ′] is obtained at some (ρ0, t0), then
at this point we have ∂∂tH ≤ 0, H ′ = 0, and H ′′ ≥ 0, i.e.
(3.8)
u′′′
u′′
− u
′′
u′ − at +
u′′
bt − u′ = 0,
(3.9)
u(4)
u′′
− (u
′′′)2
(u′′)2
− u
′′′
u′ − at +
(u′′)2
(u′ − at)2 +
u′′′
bt − u′ +
(u′′)2
(bt − u′)2 ≥ 0,
combining with (3.7), (3.8) and (3.9) we have at (ρ0, t0),
(3.10) − u′′
( 1
(u′ − at)2 +
1
(bt − u′)2
)
− (n− 1) u
′′
(u′)2
+
1
u′ − at +
1
bt − u′ ≤ 0.
Hence
u′′
(bt − u′)(u′ − at) +
(n− 1)u′′(bt − u′)(u′ − at)
(u′)2
(
(u′ − at)2 + (bt − u′)2
) ≥ bt − at
(bt − u′)2 + (u′ − at)2 .
We observe that
(bt − u′)(u′ − at)
(u′)2((u′ − at)2 + (bt − u′)2) ≤
1
(bt − u′)(u′ − at) ,
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and
(u′ − at)2 + (bt − u′)2 ≤ 2(bt − at)2,
hence at (ρ0, t0),
u′′
(u′ − at)(bt − u′) ≥
1
2n(bt − at) ≥ C
−1,
as bt − at is uniformly bounded above. The maximum principle implies the minimum of H on
X × [0, T ′] is uniformly bounded below independent of the choice of T ′, hence we conclude that
infX×[0,T )H ≥ −C. And we finish the proof the first inequality in (3.6).

3.1. Estimates for the sequence of metrics gj. Recall that the Cheeger-Gromov limit (X∞, g∞, p∞)
of (Xj , gj , p) is a complete Ka¨hler Ricci soliton by the work of [13, 7]. Hence by a theorem of Cao-
Zhou (Theorem 1.2 in [4]), there exists a constant C0 > 0 such that the volume of geodesic balls
Bg∞(p∞, R) satisfies
(3.11) V olg∞(Bg∞(p∞, R)) ≤ C0R2n.
And Perelman’s non-collapsing ([14]) implies there exists a κ > 0 for any q ∈ X∞, the volume
V olg∞(Bg∞(q, r0)) ≥ κr2n0 , for any r20 ≤ 1C , where C is the constant in Type I condition. In
particular, we have V olg∞(Bg∞(p∞, R))→∞ as R→∞.
Lemma 3.3. For any R > 0, there exist constants c(n,R) > 0 and C(n,R) = O(R2) such that for
j ≥ 1 large enough, then in the metric balls Bgj(Ej , R), we have
(3.12) (n− 1)(T − tj) = atj ≤ u′(ρ, tj) ≤ C(n,R)(T − tj), u′′(ρ, tj) ≤ C(n,R)(T − tj).
Moreover, on ∂Bgj (Ej , R), for j large enough, we have
c(n,R)(T − tj) + (n− 1)(T − tj) ≤ u′(ρj,R, tj) ≤ C(n,R)(T − tj),
c(n,R)(T − tj) ≤ u′′(ρj,R, tj) ≤ C(n,R)(T − tj)
(3.13)
and c(n,R)→ +∞ as R→∞, ρj,R is defined in (2.5), corresponding to points on ∂Bgj(Ej , R).
Proof. For any fixed R > 0, by the C∞-CG convergence (2.7) we have
V olgj(Bgj (pj, R))→ V olg∞(Bg∞(p∞, R)), as j →∞,
in particular, we have both V olgj(Bgj (pj, R)) and V olgj (Bgj(pj , R + Dn)) are uniformly bounded
above and below, for j large enough, where Dn is the diameter of Ej given by Lemma 2.2. Noting
that
Bgj (pj, R) ⊂ Bgj(Ej , R) ⊂ Bgj(pj , R+Dn),
hence there are two constants c1 = c1(n,R) and C1 = C1(n,R)
(3.14) c1(n,R) ≤ V olgj (Bgj(Ej , R)) ≤ C1(n,R),
By (3.11), it is easy to see that when j is large enough, we can choose C1(n,R) = O(R
2n). Moreover,
by the volume formula (2.4)
V olgj(Bgj (Ej , R)) =
C(n)
(T − tj)n
∫ ρj,R
−∞
(u′(ρ, tj), tj)
n−1u′′(ρ, tj)dρ
=
C(n)
n(T − tj)n
(
(u′(ρj,R, tj))
n − antj
)
,
(3.15)
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where atj = (n−1)(T −tj), and ρj,R is a constant determined by the equation (2.5) with u′′ replaced
by
u′′(ρ,tj)
T−tj
. Combining (3.14) and (3.15), there are constants c2(n,R) and C2(n,R) such that
(3.16) c2(n,R) + (n− 1) ≤ u
′(ρj,R, tj)
T − tj ≤ C2(n,R).
Combining with the fact that u′(ρ, tj) is increasing in ρ and Lemmas 3.1 and 3.2, if j is large enough,
(3.12) and (3.13) hold. 
3.2. Xj as a CP
1-bundle over CPn−1. Recall the manifold Xj can be viewed as a CP
1-bundle
over CPn−1 (see (2.1)). Let
Fj : Xj → CPn−1
be the holomorphic bundle map.
Lemma 3.4. The holomorphic maps Fj : (Xj , ωj)→ (CPn−1, ωFS) have uniformly bounded deriva-
tives, i.e., there exists C > 0 such that for all j,
(3.17) sup
Xj
|∇Fj |ωj ,ωFS ≤ C
Furthermore, the derivatives dFj : TXj → TCPn−1 have full rank n− 1 everywhere.
Proof. Note that F ∗j ωFS = i∂∂¯ρ = i∂∂¯ log |z|2. As a map Fj : (Xj , ωj)→ (CPn−1, ωFS), its energy
density e(Fj) := trωjf
∗
j ωFS = ∆ωjρ is equal to
(T − tj)(n − 1)
u′(ρ, tj)
≤ 1,
hence the differential of maps Fj , dFj : TXj → TCPn−1 is uniformly bounded.
Moreover, by (3.12), in the balls Bgj(Ej , R),
(3.18) e(Fj) ≥ (n− 1)
C(n,R)
.
By the symmetry of Fj and ωj, it is not hard to see the (n − 1)-many nonzero eigenvalues of
ω−1j · F ∗j ωFS are bounded below by 1C(n,R) in Bgj (Ej , R). And this implies that the rank of the
differential map dFj : TXj → TCPn−1 is n− 1. 
Lemma 3.5. There exists a constant C = C(n) > 0, such that for any j ≥ 1,
|∇∇Fj|2gj ,gFS ≤ C.
Hence we have uniform C2 bound of the maps Fj .
Proof. Since Fj is holomorphic and ωj and ωFS are Ka¨hler metrics, Fj : Xj → CPn−1 is also a
harmonic map. By the Bochner formula
(3.19) ∆e(Fj) = |∇∇Fj|2 +Ricωj(∇Fj ,∇Fj)− (RωFS )αβγ¯δ(Fj)αi (Fj)δi (Fj)βk (Fj)γk .
On the other hand, by direct calculations we have
∆ωje(Fj) = −
(n− 1)2(T − tj)2u′′
(u′)3
− (n− 1)(T − tj)
2u′′′
u′′(u′)2
≤ −(n− 1)(T − tj)
2u′′′
u′′(u′)2
≤ C(n),
(3.20)
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where in the last inequality we use Lemma 3.1. Combining (3.19), (3.20) and the Type I condition
|Ricωj | ≤ C, we have
|∇∇Fj |2 ≤ C(n) + Ce(Fj) + Ce(Fj)2 ≤ C(n).
Therefore, the maps Fj : Xj → CPn−1 have uniform second order estimates. 
Remark 3.1. The holomorphicity and so the harmonicity of the maps Fj implies Fj satisfy uniform
Ck estimates locally for any k ∈ Z. But the second order estimate is enough for our applications.
The target manifold of Fj is the compact (CP
n−1, ωFS), and by Lemmas 3.4 and 3.5, the maps
Fj : Xj → CPn−1 have uniformly bounded C1, C2 bounds, hence Fj converge in C1,α topology
to a limit map F∞ : X∞ → CPn−1, where by definition Xj → X∞ in the C∞-CG sense with the
Riemannian metrics and complex structures converging smoothly. Since Fj are holomorphic with
the given complex structures, the limit map F∞ : X∞ → CPn−1 is also holomorphic with respect
to the limit complex structure J∞ on X∞. And the C
1,α convergence, (3.18) and Lemma 3.4 imply
that the differential map dF∞ : TX∞ → TCPn−1 has full rank n − 1 at any point in X∞, hence
implicit function theorem implies that the fibers of F∞ are smooth complete Riemann surfaces.
We remark that the convergence of Fj → F∞ is in the Cheeger-Gromov sense, that is, the maps
φ∗jFj converge to F∞ in uniform C
1,α
loc topology on any compact subset of X∞, where φj : Uj → Xj
is the diffeomorphism we chose in Section 2.3 realizing the C∞-Cheeger-Gromov convergence.
3.3. Holomorphic vector fields. Let V =
∑
i zi
∂
∂zi
be a holomorphic vector field on Cn\{0},
which extends to a holomorphic vector field on X, and vanishes on the exceptional divisor E.
Clearly V is tangential to the fibers of Fj : Xj → CPn−1.
Lemma 3.6. With respect to a Ka¨hler metric ω = i∂∂¯u with Calabi symmetry, the imaginary part
Im(V ) of V is a Killing vector field. Moreover, Im(V ) is also Killing with respect to the restriction
of the metric on each fiber of Fj : Xj → CPn−1.
Proof. This follows from straightforward calculations. Observe that V u = u′ and
LV ω = d(ιV i∂∂¯u) = d
(− i∂¯(u′)) = −i∂∂¯u′,
taking conjugate on both sides we have LV¯ ω = −i∂∂¯u′, hence it holds that LV−V¯ ω = 0 and this
implies the imaginary part of V , Im(V ), is a Killing vector field with respect to the metric ω, i.e.
(3.21) LIm(V )ω = 0.
On the other hand, for any fiber Fp of Fj : Xj → CPn−1, we denote the restriction of the metric ω
on this fiber by ω| and i : Fp → X the inclusion map of the fiber in X. Using the fact that Im(V )
is tangential to Fp and LIm(V )ω = 0, when pulled back by the map i, we have
LIm(V )(ω|) = 0,
hence Im(V ) is also a Killing vector field on (Fp, ω|).

Remark 3.2. We note that the equation (3.21) only involves the first order derivatives of V .
Lemma 3.7. For any R > 0, there exist c(n,R) > 0 which goes to ∞ as R→∞ and C(n,R) > 0,
such that if j is large enough, then
inf
∂Bgj (Ej ,R)
|V |2gj ≥ c(n,R),
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and
sup
Bgj (Ej ,R)
|V |2gj ≤ C(n,R).
Proof. Applying the expansion formula (2.2) of the metric gj we have
(3.22) |V |2gj =
u′′(ρ, tj)
T − tj ,
so by Lemma 3.3, we have
(3.23) |V |2gj ≤ C(n,R) = O(R2), in Bgj (Ej , R)
and
(3.24) on ∂Bgj (Ej , R), |V |2gj ≥ c(n,R)→∞, as R→∞.

Lemma 3.7 implies in Bgj(Ej , R), V is a nontrivial holomorphic vector field which vanishes exactly
at Ej and has uniform positive lower bound on the boundary ∂Bgj (Ej , R).
We will estimate the bound of the derivatives of V with respect to gj .
Lemma 3.8. There exists a constant C = C(n) > 0 such that |∇jV |2gj ≤ C for any j, where ∇jV
denote the covariant derivative of V with respect to the metric gj .
Proof. We will write V = V i ∂∂zi for V
i = zi, then |∇V |2 = V i,kV i,k, where
V i,k =
∂
∂zk
V i + ΓiklV
l
is the covariant derivative of V and Γikl = g
ip¯ ∂
∂zl
gkp¯ is the Levi-Civita connection of a Ka¨hler metric
g. Use the expansion formula (2.2) (multiplied by (T − tj)−1) of the metric gj , we have
V i,k =
u′′
u′
δik +
(u′′′
u′′
− u
′′
u′
)
ziz¯ke
−ρ,
observe that when restricted to the exceptional divisor E = (ρ = −∞) the matrix (V i,k) is of the
form (hence has rank 1)
(3.25) ∇V |E = diag(1, 0, . . . , 0).
We calculate the norm of ∇V :
|∇V |2gj = n
(u′′
u′
)2
+ 2
u′′
u′
(u′′′
u′′
− u
′′
u′
)
+
(u′′′
u′′
− u
′′
u′
)2
= (n− 1)
(u′′
u′
)2
+
(u′′′
u′′
)2
.
(3.26)
Hence Lemma 3.8 follows from the estimates in Lemma 3.1. 
So we have uniform C1 bounds of V with respect to gj. Next we would derive the C
2 bounds of
V with respect to the metrics gj on any metric balls Bgj(Ej , R).
Proposition 3.1. For any R > 0, there is a constant C(n,R) > 0 such that for j large enough we
have
sup
Bgj (Ej ,R)
(
|∇∇V |2ωj + |∇¯∇V |2ωj
)
≤ C(n,R),
i.e., the C2 bounds of V with respect to the Ka¨hler metrics ωj hold uniformly on any metric ball
Bgj(Ej , R).
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To prove Proposition 3.1, we need the following Bochner type identity.
Lemma 3.9. We have the Bochner type identity: for a Ka¨hler metric ω,
∆ω|∇V |2 =|∇∇V |2ω + |∇¯∇V |2ω +Rlm¯V i,mV i,l −Rmi¯V m,l V i,l
− 2Re
(
Ri¯mk¯lV
m
,k V
i
,l +Rmi¯,lV
mV i,l
)
.
(3.27)
Proof. This is a direct calculation.
∆|∇V |2 = (V i,lV i,l)kk¯
= V ilkk¯V
i
,l + V
i
,lkV
i
,lk + V
i
,lk¯V
i
,lk¯
+ V i,lV
i
,lk¯k
.
(3.28)
By changing the indices, we have
V i,lkk¯ = V
i
,lk¯k + V
i
,mRlm¯kk¯ − V m,l Rimk¯k
= V i,lk¯k + V
i
,mRlm¯ − V m,l Rim,
(3.29)
and
(3.30) V i,lk¯k =
(
V i,k¯l − V mRimk¯l
)
k
= −V m,k Rimk¯l − V mRim,l,
where we use the fact that V is a holomorphic holomorphic vector field and the second Bianchi
identity. Combining the formulas (3.28), (3.29) and (3.30), we can see (3.27). 
Lemma 3.10. On the balls Bgj (Ej , R) ⊂ Xj , there exists a constant C(n,R) > 0 such that
∆ωj |∇V |2ωj ≤ C(n,R), ∀j >> 1.
Proof. From (2.1) and (3.26) we have
(3.31) ∆ωj |∇V |2 = (n− 1)(T − tj)
(|∇V |2)′
u′
+
T − tj
u′′
(
|∇V |2
)′′
,
where as before u′ = ∂∂ρu(ρ, tj), etc. Our goal is to show that both terms on RHS of (3.31) are
uniformly bounded on the balls Bgj(Ej , R). To begin with, we need to estimate u
(4).
Claim: There is a uniform constant C = C(n) > 0 such that
|u(4)| ≤ C (u
′′)2
T − t +
(u′′′)2
u′′
.
Proof of the Claim. By the formula of scalar curvature (see [21]), we have
(3.32) R(ω(t)) = − u
(4)
(u′′)2
+
(u′′′)2
(u′′)3
− 2(n − 1) u
′′′
u′u′′
− (n − 1)(n − 2) u
′′
(u′)2
+
n(n− 1)
u′
.
And by Type I condition we have |R| ≤ CT−t . Combining with Lemma 3.1, it is easy to see the
bound on |u(4)|. 
The first term on RHS of (3.31) is equal to
(n− 1)(T − tj)
u′
(
2(n− 1)u
′′
u′
u′′′u′ − (u′′)2
(u′)2
+ 2
u′′′
u′′
u(4)u′′ − (u′′′)2
(u′′)2
)
=
2(n− 1)2(T − tj)
u′
u′′
u′
· u
′′′u′ − (u′′)2
(u′)2
+
2(n− 1)(T − tj)
u′
u′′′
u′′
· u
(4)u′′ − (u′′′)2
(u′′)2
,
by examining the terms above using Lemma 3.1 and Claim we see that the first term on RHS of
(3.31) is uniformly bounded above by C = C(n) > 0.
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The second term in RHS of (3.31) is a little complicated, after some calculations and replacing
the u(4) by the scalar curvature (3.32), the second term in RHS of (3.31) is equal to
4(n − 1)(n − 3)T − tj
u′′
(((u′′′)2 + u′′u(4))u′ − u′′′(u′′)2
(u′)3
)
− 6(n − 1)T − tj
u′′
(u′′
u′
)2u′′′u′ − (u′′)2
(u′)2
− T − tj
u′′
(
2R′u′′′ + 2Ru(4)
)
− 2(n − 1)T − tj
u′′
(2u′u′′u′′′u(4) − (u′′′)2(u′u′′′ + (u′′)2)
(u′u′′)2
)
+ 2n(n− 1)T − tj
u′′
u(4)u′ − u′′′u′′
(u′)2
.
(3.33)
We look at the third term in (3.33). By the Type I condition and Shi’s derivative estimate along
Ricci flow, we know |∇R(ω(tj))| ≤ C(T−tj)3/2 , and also we know |∇R|
2 = (R
′)2
u′′ , hence
|R′| ≤ C
√
u′′
(T − tj)3/2
,
so we have∣∣∣− T − tj
u′′
(
2R′u′′′ + 2Ru(4)
)∣∣∣ ≤ CT − tj
u′′
( √u′′
(T − tj)3/2
|u′′′|+ (u
′′)2
(T − tj)2 +
1
T − tj
(u′′′)2
u′′
)
≤ C(n,R),
by the Lemmas 3.1, 3.3 and the Claim.
The other terms in (3.33) can be estimated similarly using the lemmas above, and we can see
they are all uniformly bounded. Hence we finish the proof of Lemma 3.10. 
Proof of Proposition 3.1. Combining with the Bochner identity (3.27), Type I condition and Shi’s
derivative estimates, i.e., |Rm(gj)|gj , |∇Rm(gj)|gj ≤ C, and Lemma 3.10, we can get the bound on
|∇∇V |2ωj + |∇¯∇V |2ωj .

Proposition 3.2. There exists a nontrivial holomorphic vector field V∞ as the subsequential limit
of V along the Cheeger-Gromov convergence, such that V∞ is tangential to the fibers of F∞ : X∞ →
CP
n−1 and Im(V∞) is a nontrivial Killing vector field on each fiber of F∞.
Proof. Along the Cheeger-Gromov convergence (2.7), by the (locally) uniform C0, C1, C2 bound
of the holomorphic vector fields Vj = V with respect to the metrics ωj, up to a subsequence,
Vj converge in C
1,α
loc norm (in the Cheeger-Gromov sense) to a vector field V∞ on X∞, which is
holomorphic with respect to the complex structure J∞. The holomorphic vector field V∞ satisfies
similar C0, C1, C2 bounds as Vj, when restricted on the balls Bg∞(p∞, R).
To see V∞ is nontrivial, there exists a sequence of points xj ∈ ∂Bgj(Ej , R) converging to an
x∞ ∈ X∞, by (3.24), we see that |V∞|(x∞) ≥ c(n,R) > 0, hence V∞ is nontrivial.
On the other hand, the vector fields Vj vanish identically on the exceptional divisors Ej in
Bgj(Ej , R), and by taking limits, V∞ also has zero points, e.g. V∞(p∞) = 0. Hence the zero set of
V∞ is a nonempty analytic set, since V∞ is a holomorphic vector field, and we denote this zero set
by E˜∞. It’s clear that if a sequence of points xj ∈ Ej converges to x∞ ∈ X∞, then x∞ ∈ E˜∞.
Since Vj is tangential to the fibers of Fj : Xj → CPn−1, dFj(Vj) = 0, from the C1,α convergence
of Fj , Vj , the limit vector field V∞ satisfies dF∞(V∞) = 0, i.e., V∞ is tangential to the fibers of
F∞ : X∞ → CPn−1.
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Choose a fiber F−1∞ (y) of F∞ (here y ∈ CPn−1). There exists a sequence of points xj ∈ F−1j (y)∩Ej
which converge up to a subsequence to x∞ ∈ X∞ ∩ F−1∞ (y), such that V∞(x∞) = 0. On the other
hand, for any other point x′∞ ∈ F−1∞ (y), we may assume d∞(x∞, x′∞) = R > 0 and there exists a
subsequence of x′j ∈ Xj ∩F−1j (y) with dgj (xj, x′j) > R/2 > 0 which converges to x′∞, then by (3.24),
we see |V∞|g∞(x′∞) ≥ c(n,R) > 0. We remark that (3.26) implies |∇V∞|2∞(x∞) = 1.
Thus on each fiber F−1∞ (y) of F∞, V∞ is a holomorphic vector field with simple single zero point.
From (3.21) and C1,α convergence of Vj, the imaginary part Im(V∞) of V∞ is a Killing vector field
of g∞. Since Im(V∞) is tangential to the fiber, it follows that on the fiber F
−1
∞ (y), with respect to
the restriction metric of g∞ to F
−1
∞ (y), the vector field Im(V∞) is also Killing. 
Corollary 3.1. The fibers of F∞ : X∞ → CPn−1 are either biholomorphic to C or the disk D ⊂ C.
Proof. Fix any fiber F−1∞ (y) of F∞, which is a complete noncompact Riemann surface. From the
proof of Proposition 3.2, we know the vector field Im(V∞) is Killing in F
−1
∞ (y) and has a single
zero point in F−1∞ (y), from Lemma 1 in [5], we conclude that topologically F
−1
∞ (y) is R
2, which
in particular is simply connected. By the uniformization theorem for Riemann surfaces, F−1∞ (y) is
either C or the holomorphic disk D ⊂ C. 
4. U(n)-actions on the limit space X∞
4.1. U(n)-actions. We first define a metric on the compact Lie group U(n) by
(4.1) d0(σ1, σ2) := max{dCn(σ1(x), σ2(x))| for all x ∈ S2n−1 ⊂ Cn}
where dCn is the Euclidean distance on C
n and σ1, σ2 ∈ U(n) act in the standard way on S2n−1 ⊂ Cn.
We remark that the metrics on the compact group U(n) are all equivalent, so any other metrics on
U(n) will play the same role.
Lemma 4.1. d0 defines a metric on the compact group U(n).
Proof. We only need to prove that d0 satisfies the triangle inequality, since the U(n)-action on
S2n−1 is effective. For any σ1, σ2, σ3 ∈ U(n), any ǫ > 0, there exists an xǫ ∈ S2n−1 such that
d0(σ1, σ2) ≤ dCn(σ1(xǫ), σ2(xǫ)) + ǫ, then
d0(σ1, σ2) ≤ dCn(σ1(xǫ), σ3(xǫ)) + dCn(σ2(xǫ), σ3(xǫ)) + ǫ ≤ d0(σ1, σ3) + d0(σ2, σ3) + ǫ,
then letting ǫ→ 0 we can get the triangle inequality. 
For each σ ∈ U(n), we consider the map χj,σ
(4.2) χj,σ : (Xj , gj , Jj)→ (Xj , gj , Jj),
defined by χj,σ(x) = σ(x). Recall the U(n)-action on Xj = X is induced from the standard U(n)-
action on Cn\{0}. σ acts isometrically and holomorphically on (Xj , gj , Jj), so χj,σ is a holomorphic
isometry. Thus the energy density of χj,σ, |∇jχj,σ|2gj = n, where ∇j is the connection induced from
gj and χ
∗
j,σgj . Since χj,σ is holomorphic, hence also harmonic. For notation convenience we denote
F = χj,σ, then by Bochner formula,
(4.3) 0 = ∆j |∇jF |2 = |∇∇jF |2 +Ricgj(∇jF,∇jF )−R(F ∗gj)α¯βγ¯δFα,i F δ,iF β,kF γ,k,
where ∆j = ∆gj and R(F
∗gj)α¯βγ¯δ denotes the sectional curvature of the pulled-back metric F
∗gj ,
which is uniformly bounded by the Type I condition, so is the Ricci curvature of gj . Hence by (4.3)
and |∇jF |2 = n, we see that |∇∇jF |2 ≤ C for a uniform constant C = C(n). Therefore, we get the
uniform C2 bound of the maps χj,σ, independent of j, σ.
Since χj,σ is an isometry and maps Ej to itself, which has fixed diameter Dn under the metric
gj, we have for any R > 0, the image of Bgj (pj, R) under χj,σ is contained in Bgj(pj , R + Dn).
ON FELDMAN-ILMANEN-KNOPF CONJECTURE FOR KA¨HLER RICCI FLOW 15
Therefore, the maps χj,σ are locally uniformly bounded, and satisfy uniform C
1, C2 bounds, so
along the Cheeger-Gromov convergence (2.7), up to a subsequence of j, χj,σ converge to a limit
map
χ∞,σ : (X∞, g∞, J∞)→ (X∞, g∞, J∞),
which preserves the metric g∞ and complex structure J∞, hence an isometry and holomorphic map.
The map χ∞,σ is defined through a subsequence of χj,σ. For different σ ∈ U(n), the subsequence
might be different. Our next lemma will show that there exists a subsequence of j, such that for
all σ ∈ U(n), χj,σ converge to limit maps χ∞,σ.
Lemma 4.2. For any R > 0, there exists a C(n,R) > 0 such that for j large enough, we have
dgj(σ1(x), σ2(x)) ≤ C(n,R)d0(σ1, σ2), ∀σ1, σ2 ∈ U(n)
and x ∈ Bgj(Ej , R) ⊂ (Xj , gj , Jj), where d0 is the metric on U(n) defined in (4.1)
Proof. By the expansion formula of gj =
1
T−tj
g(tj) in (2.2), and Lemma 3.3 we have onBgj (Ej , R)\Ej ⊂
C
n\{0} (here we identify Bgj(Ej , R)\Ej as a punctured ball in Cn\{0})
gj =
u′
T − tj
( δik
|z|2 −
z¯izk
|z|4
)
dzi ∧ dz¯k + u
′′
T − tj
z¯izk
|z|4 dzi ∧ dz¯k
≤ C(n,R)|z|2 ωCn ,
(4.4)
and ωCn is the Euclidean metric on C
n, so for any x ∈ Bgj(Ej , R)\Ej ⊂ Cn\{0}, and σ1, σ2 ∈ U(n),
σ1(x), σ2(x) remain in Bgj(Ej , R)\Ej ⊂ Cn\{0} and the Euclidean norm |σ1(x)| = |σ2(x)| = |x|.
Choose a curve γ ⊂ S2n−1|x| , the Euclidean sphere in Cn\{0} with radius |x|, connecting σ1(x) and
σ2(x) and the Euclidean length LCn(γ) ≤ 2dCn(σ1(x), σ2(x)). Hence by the estimate (4.4), we have
dgj (σ1(x), σ2(x)) ≤ dgj (γ)
≤ C(n,R)|x| LCn(γ)
≤ 2C(n,R)|x| dCn(σ1(x), σ2(x))
= 2C(n,R)dCn
(
σ1
( x
|x|
)
, σ2
( x
|x|
))
≤ 2C(n,R)d0(σ1, σ2).
(4.5)
By continuity, (4.5) also holds for x ∈ Ej.

If we define maps
(4.6) χj : (Xj , gj , Jj)× (U(n), d0)→ (Xj , gj , Jj)
by χj(x, σ) = χj,σ(x), which are holomorphic in x and satisfy
dgj (χj(x, σ), χj(y, σ)) = dgj (x, y), ∀x, y ∈ Xj , σ ∈ U(n),
and by Lemma 4.2 we also have
dgj(χj(x, σ1), χj(x, σ2)) ≤ C(n,R)d0(σ1, σ2), ∀x ∈ Bgj(Ej , R), σ1, σ2 ∈ U(n).
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Hence for any x, y ∈ Bgj(Ej , R) and σ1, σ2 ∈ U(n)
dgj(χj(x, σ1), χj(y, σ2)) ≤ dgj (χj(x, σ1), χj(y, σ1)) + dgj (χj(y, σ1), χj(y, σ2))
≤ dgj (x, y) + C(n,R)d0(σ1, σ2)
(4.7)
which implies the maps χj defined in (4.6) are locally uniformly bounded and locally equi-continuous
with respect to the given product metrics. Moreover the maps χj(·, σ) satisfy uniform C1, C2 bounds
for any σ ∈ U(n), hence by Arzela-Ascoli theorem, up to a subsequence of j, χj converge to a map
(4.8) χ∞ : (X∞, g∞, J∞)× (U(n), d0)→ (X∞, g∞, J∞),
and for each σ ∈ U(n), the map
χ∞(·, σ) : (X∞, g∞, J∞)→ (X∞, g∞, J∞)
is an isometry and J∞-holomorphic.
Lemma 4.3. The map χ∞ defined in (4.8) satisfies
(4.9) χ∞(x, σ1σ2) = χ∞(χ∞(x, σ2), σ1), ∀x ∈ X∞, σ1, σ2 ∈ U(n).
Proof. For any x ∈ X∞ and σ1, σ2 ∈ U(n), choose a sequence of xj ∈ Xj converging to x. For each
j from the definition we have
χj(xj , σ1σ2) = χj,σ1σ2(xj) = σ1σ2(xj) = σ1
(
σ2(x)
)
= χj(σ2(xj), σ1) = χj
(
χj(xj , σ2), σ1
)
,
taking j →∞ and by the definition of χ∞ we have
χ∞(x, σ1σ2) = χ∞
(
χ∞(x, σ2), σ1
)
.

Remark 4.1. If we define the “action” of σ ∈ U(n) on X∞, σ : X∞ → X∞ by σ · x = χ∞(x, σ),
then Lemma 4.3 means that for any σ1, σ2 ∈ U(n), (σ1σ2) · x = σ1 · (σ2 · x), for any x ∈ X∞.
It is clear that the identity element e ∈ U(n) satisfies χ∞(x, e) = x, i.e., e ·x = x for any x ∈ X∞.
Hence the U(n)-action on X∞ defined above is a group action.
4.2. U(n)-action and fiber map F∞. Recall in Section 3.2, we define a holomorphic map F∞ :
X∞ → CPn−1, as the limit map of Fj : Xj → CPn−1. It is clear that Fj is U(n)-equivariant with
respect to the U(n)-action on Xj = CP
n#CPn and the standard action on CPn−1, i.e.
Fj(σ · xj) = σ · Fj(xj), ∀xj ∈ Xj ∀σ ∈ U(n).
Now for any x ∈ X∞, there is a sequence xj ∈ Xj converging to x, taking j →∞ and by the smooth
convergence of Fj to F∞, we have
F∞(σ · x) = σ · F∞(x),
i.e. F∞ is U(n)-equivariant. Hence for any y ∈ CPn−1, σ ∈ U(n) maps the fiber F−1∞ (y) to F−1∞ (σ·y).
Lemma 4.4. The restriction of σ : X∞ → X∞ to the fiber F−1∞ (y)
σ|F−1∞ (y) : F
−1
∞ (y)→ F−1∞ (σ · y)
is a biholomorphic map.
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Proof. This follows from the fact that
σσ−1 = e = id : F−1∞ (σ · y)→ F−1∞ (σ · y),
and
σ−1σ = e = id : F−1∞ (y)→ F−1∞ (y).
And both σ and σ−1 are holomorphic maps. 
Corollary 4.1. The fibers of f∞ : X∞ → CPn−1 are all biholomorphic to each other.
This follows from the previous lemma and the fact that U(n) action on CPn−1 is transitive.
Fix p = [1 : 0 : · · · : 0] ∈ CPn−1, and denote the fiber F−1∞ (p) by Fp. We know from Corollary 4.1
all fibers of F∞ are isomorphic. It is expected that F∞ is in fact a fiber bundle over CP
n−1 with
fiber Fp.
Proposition 4.1. The map F∞ : X∞ → CPn−1 is a fiber bundle with fibers isomorphic to Fp.
Proof. The compact group SU(n)-action on X∞ induces an action of the complexified group
SL(n,C) of SU(n), which is defined through the infinitesimal action: for any ξ +
√−1η ∈ su(n)⊕√−1su(n) = sl(n,C), we define exp(ξ +√−1η) · x = exp(ξ) exp(J∞η) · x, where J∞ is the complex
structure on X∞.
Define a map
π : SL(n,C)× Fp → X∞, (σ, x) 7→ σ · x.
This is indeed a surjective map by the property of group actions. If π(σ1, x1) = π(σ2, x2) for some
σ1, σ2 ∈ SL(n,C) and x1, x2 ∈ Fp. Then σ1 · x1 = σ2 · x2, and σ1 · p = σ1 · F∞(x1) = F∞(σ1 · x1) =
F∞(σ2 ·x2) = σ2 · p, therefore, σ−11 ◦σ2 ∈ isotropic subgroup B of SL(n,C) acting on CPn−1, which
is given by the matrices of the form
σ−11 ◦ σ2 =
(
a ∗
0 A
)
where a ∈ C∗ and A ∈ GL(n − 1,C) such that adetA = 1 and ∗ denotes a vector in Cn−1. Hence
we have x1 =
(
a ∗
0 A
)
· x2.
We define an equivalence relation on SL(n,C)× Fp as
(σ1, x1) ∼ (σ2, x2)
if there exists a matrix
(
a ∗
0 A
)
∈ B such that σ2 = σ1 ◦
(
a ∗
0 A
)
and x2 =
(
a ∗
0 A
)−1
· x1. Then
we can see that if (σ1, x1) ∼ (σ2, x2), then π(σ1, x1) = π(σ2, x2). Hence the quotient map
π¯ : SL(n,C)× Fp/∼ → X∞
is bijective and also a biholomorphic map, since each action σ ∈ SL(n,C) on X∞ is holomorphic
and SL(n,C) is a complex manifold.
Claim: SL(n,C)× Fp/∼ is a fiber bundle over CPn−1 with fibers isomorphic to Fp.
Proof of the Claim: Define the projection map pr : SL(n,C) × Fp/∼ → SL(n,C)/B ∼= CPn−1, by
pr(σ, x) = Q(σ), where Q : SL(n,C)→ SL(n,C)/B is the quotient map. pr is clearly well-defined
and we want to show pr is locally trivial. The principal B-bundle Q is locally trivial, so around any
point in CPn−1 ∼= SL(n,C)/B, there is an open set U such that Q−1(U) ∼= U × B, i.e. there is a
local trivialization ϕ : Q−1(U)→ U ×B, and we denote ϕ = (ϕ1, ϕ2). By the definition of quotient
map Q, it is clear that ϕ1(σb) = ϕ1(σ) for any σ ∈ Q−1(U) and b ∈ B. Thus we can define a local
section s : U → Q−1(U) of Q by s(y) = ϕ−1(y, e) with e ∈ B being the identity matrix.
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Define a map ϕ˜ : pr−1(U) = Q−1(U)× Fp/∼ → U × Fp by
ϕ˜(σ, x) = (ϕ1(σ), s(ϕ1(σ))
−1 · σ · x)
which by the property of ϕ1 is clearly well-defined. We want to show ϕ˜ is bijective. ϕ˜ is clearly
surjective. To see that it is also injective, suppose ϕ˜(σ1, x1) = ϕ˜(σ2, x2), then ϕ1(σ1) = ϕ1(σ2), so
there exists a matrix b ∈ B such that σ2 = σ1b. Since s(ϕ1(σ1))−1 : Fσ1·p → Fp is an isomorphism,
we must have σ1 ·x1 = σ2 ·x2, and this implies x2 = b−1 ·x1, and hence (σ1, x1) ∼ (σ2, x2), and the
map ϕ˜ is injective. In the definition of ϕ˜, all maps are holomorphic hence ϕ˜ is also holomorphic,
and ϕ˜ provides the local trivialization of SL(n,C)× Fp/∼ over U ⊂ CPn−1. 
For the fixed point p = [1 : 0 : · · · : 0] ∈ CPn−1, it is well-known that the isotropic subgroup Up
at p of the U(n)-action on CPn−1 is isomorphic to U(1) × U(n − 1) and given by the the matrices
of the form (
eiθ 0
0 A
)
, for some A ∈ U(n− 1), eiθ ∈ U(1).
Each σ ∈ Up induces an isomorphism of the fiber Fp, which is either C or the unit disk D ⊂ C.
Lemma 4.5. There exists an x0 ∈ Fp such that for any σ ∈ Up, σ · x0 = x0. Moreover, if σ ∈ Up
fixes all x ∈ Fp, then σ ∈ {1} × U(n− 1), i.e., σ is of the form(
1 0
0 A
)
, for some A ∈ U(n− 1).
Proof. It is clear that σ ∈ Up also induces an isomorphism of the fibers F−1j (p). For each j, there
exists an x0,j ∈ F−1j (p) ∩ Ej which is fixed by all σ ∈ Up. Therefore we can assume that x0,j
converges to x0 as j →∞. We then have that x0 ∈ F−1∞ (p) = Fp is the fixed point of all σ ∈ Up.
Suppose there exists a σ ∈ Up such that σ · x = x for all x ∈ Fp. Fix a large R > 0 and for
any xj ∈ F−1j (p) ∩ Bgj(Ej , R) with xj → x∞ ∈ Fp, dgj (σ · xj , xj) ≤ ǫj → 0 as j → ∞, since
dgj(σ · xj , xj) → dg∞(σ · x∞, x∞) = 0. On ∂Bgj(Ej , R), by Lemma 3.3 and the expansion formula
of gj in (4.4) there exists a constant c(n,R) > 0 such that
(4.10) gj ≥ c(n,R)ωC
n
|z|2 .
For any xj ∈ F−1j (p) ∩ ∂Bgj (Ej , R), the minimal geodesic γj (with respect to gj) connecting xj
and σ · xj must be contained in the annulus Bgj(Ej , R + ǫj)\Bgj (Ej , R − ǫj) ⊂ Cn\{0}, where the
estimate (4.10) still holds with some different c(n,R) > 0, therefore we have
ǫj ≥ dgj(σ · xj , xj) = Lgj(γj)
≥ c(n,R)dωCn
|z|2
(γj)
≥ c(n,R)dgS2n−1
(
σ(
xj
|xj |),
xj
|xj |
)
,
(4.11)
where gS2n−1 is the standard metric on the unit sphere S
2n−1 ⊂ Cn ∼= R2n and we use the fact that
the metric
ωCn
|z|2 = (d log |z|)
2 + gS2n−1 ,
is a product metric on Cn\{0}, so the distance of xj and σ · xj ∈ Cn\{0} with respect to ωCn|z|2 is
equal to dgS2n−1
(
σ(
xj
|xj |
),
xj
|xj |
)
, since the Euclidean norms |xj | = |σ · xj |. Suppose σ ∈ Up ⊂ U(n) is
given by
(
eiθ 0
0 A
)
for some A ∈ U(n− 1), and it acts on the big circle F−1j (p)∩S2n−1 by rotation
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by angle θ. Then (4.11) means that for any x ∈ F−1j (p)∩S2n−1, dgS2n−1 (σ ·x, x) is arbitrarily small,
hence equals to zero, so the rotation angle θ = 0, and σ ∈ Up is of the form
(
1 0
0 A
)
for some
A ∈ U(n− 1). 
Remark 4.2. Noting that the automorphism groups of D and C are given by
Aut(D) =
{
fa,θ|fa,θ(ζ) = eiθ ζ − a
1− a¯ζ , θ ∈ S
1, a ∈ D
}
,
Aut(C) =
{
aζ + b|a, b ∈ C, a 6= 0
}
,
respectively. The action of each nonidentity σ ∈ Up on Fp is of one of the above, hence has one and
only one fixed point in Fp.
We know holomorphic line bundles over CPn−1 are given by O
CP
n−1(k) for some k ∈ Z. And
each fiber Fp can be embedded in the complex line C with the fixed point x0 identified as 0 ∈ C
hence the fiber bundle F∞ : X∞ → CPn−1 can be embedded into some line bundle OCPn−1(k), so
that X∞ is either the line bundle OCPn−1(k) or the disk bundle as a portion of OCPn−1(k).
Lemma 4.6. We have k = −1.
Proof. We have known from Theorem 2.1 (1) (see also [21]) that X∞ is diffeomorphic to C˜n, C
n
blown-up at one point, so k must be negative and odd. On the other hand, if k 6= −1, then the Up
actions on the fiber of O
CP
n−1(k) over p ∈ CPn−1 are not “effective” in the sense that a matrix of
the form
(
e2πi/k 0
0 A
)
inducing the identity action on the fiber of O
CP
n−1(k) over p ∈ CPn−1, and
inducing the identity action on Fp. This contradicts Lemma 4.5. 
Corollary 4.2. X∞ is either the holomorphic line bundle OCPn−1(−1) or the holomorphic disk
bundle as a portion of O
CP
n−1(−1).
5. Proof of Theorem 1.2
We first show that the limit metric g∞ on X∞ ⊂ OCPn−1(−1) is U(n) invariant with respect to
the natural coordinates of Cn\{0} = O
CP
n−1(−1)\E∞.
Lemma 5.1. There exists a smooth function U∞ on X∞, such that
g∞ = (n− 1)F ∗∞ωFS + i∂∂¯U∞,
where F∞ : X∞ → CPn−1 is the map constructed in Section 3, and ωFS is the Fubini-Study metric
on CPn−1.
Proof. Let R > 0 be large number. On Bgj(Ej , R) the metrics
(5.1) gj = i∂∂¯
(u(tj , ρ)
T − tj
)
= (n− 1)F ∗j ωFS + i∂∂¯
(u(tj , ρ)
T − tj − (n− 1)ρ
)
.
By the Calabi symmetry condition, the Ka¨hler potentials u(t, ρ) = (n− 1)(T − t)ρ+ U0(t, eρ) near
ρ = −∞, and we can normalize for each t ∈ [0, T ), U0(t, 0) = 0, hence the smooth functions(
u(tj ,ρ)
T−tj
− (n − 1)ρ
)
|Ej =
(
u(tj ,ρ)
T−tj
− (n− 1)ρ
)
|ρ=−∞ = 0 for any j ≥ 1. Set Uj = u(tj ,ρ)T−tj − (n − 1)ρ.
The gradient of Uj with respect to gj is
|∇Uj |2gj = (T − tj)
(U ′j)
2
u′′(tj , ρ)
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= (T − tj)
(
u′(ρ,tj)
T−tj
− (n− 1)
)2
u′′(tj , ρ)
≤ (u
′(tj , ρ)− (n− 1)(T − tj))
T − tj
u′(ρ, tj)− atj
u′′(tj , ρ)
≤ C(n,R) on Bgj(Ej , R)
for j large enough, where in the last inequality we use Lemmas 3.1 and 3.3. Hence ‖Uj‖C0(Bgj (Ej ,R)) ≤
C(n,R) for some C(n,R) > 0. Moreover, the Laplacian of Uj
∆gjUj = n− (n− 1)trωjf∗j ωFS = n− (n− 1)
(n − 1)(T − tj)
u′(tj , ρ)
satisfies ∆gjUj |Ej = 1 and
|∇∆jUj|2gj = C(n)
(T − tj)3u′′(tj)
(u′(tj))4
≤ C(n),
so
‖∆jUj‖C1(gj ,Bgj (Ej ,R)) ≤ C(n,R).
Hence by elliptic estimate
‖Uj‖C2,α(gj ,Bgj (Ej ,R/2)) ≤ C(n,R).
Therefore the functions Uj are locally uniformly bounded in C
2,α norm on any compact subset
Bgj(Ej , R) of Xj . Taking a subsequence and using a diagonal argument, Uj converge (in the
Cheeger-Gromov sense) locally uniformly in C2,α topology to some C2,α function U∞ on X∞,
therefore from (5.1), C1,αloc convergence of the holomorphic maps Fj to F∞ and smooth convergence
of complex structures, the metrics gj converge in C
α norm to
(5.2) g∞ = (n− 1)F ∗∞ωFS + i∂∂¯U∞.
Since g∞ and F
∗
∞ωFS are both smooth, U∞ is also a smooth function on X∞. 
Take coordinates of O
CP
n−1(−1) ∼= C˜n, Cn blown-up at the origin, ζ = z1(6= 0), w2 = z2/z1, . . .,
wn = zn/z1, where z1, . . . , zn are the natural coordinates on C
n, and ζ is the coordinate of fibers
and w2, . . . , wn are coordinates of CP
n−1. Set ρ = log |z|2 = log
(
|ζ|2(1 + |w|2)
)
, our goal in this
subsection is to show
Lemma 5.2. The function U∞ constructed in (5.2) can be modified to depend only on ρ. That is,
U∞(ζ, w) = U˜∞(|ζ|2(1+ |w|2)) for some single-variable function U˜∞(·) : R→ R. Hence U∞ is U(n)
invariant on Cn\{0}.
Proof. By construction the limit metric g∞ is invariant under the U(n)-action defined in section 4,
so we have
σ∗g∞ = g∞, ∀σ ∈ U(n).
By (5.2) we have
σ∗(i∂∂¯U∞) = i∂∂¯σ
∗U∞ = i∂∂¯U∞, ∀σ ∈ U(n).
By averaging the function U∞ over the compact group U(n) using the Harr measure, we may assume
σ∗U∞ = U∞ for all σ ∈ U(n). Since we identify the unique fixed point of the Up action in the fiber
Fp with the origin in C, the zero section E∞ (which is locally given by ζ = 0) of the line bundle
O
CP
n−1(−1) coincide with the fixed point of the U(n)-actions in each fiber of F∞ : X∞ → CPn−1.
Since U(n)-action is transitive on CPn−1, for any w = (ζ, w2, . . . wn) ∈ X∞, there is some σw ∈ U(n)
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mapping w to (ζ ′, 0, . . . , 0) ∈ X∞ for some ζ ′ ∈ C satisfying |ζ ′|2 = |ζ|2(1 + |w|2). So (writing
Z = (w2, . . . , wn))
(5.3) U∞(ζ, ζ¯, Z, Z¯) = U∞(σw · (ζ, Z)) = U∞(ζ ′, ζ¯ ′, 0, 0).
On the other hand, for p = (0, . . . , 0) ∈ CPn−1, the isotopy group Up ⊂ U(n) at p preserves the
fiber F−1∞ (p), which is either D ⊂ C or C. The subgroup Up fixes the point (ζ = 0, 0, . . . , 0) ∈ E∞,
which can be viewed as the origin in the fiber F−1∞ (p). Noting that the automorphism groups of D
and C are given by
Aut(D) =
{
fa,θ|fa,θ(ζ) = eiθ ζ − a
1− a¯ζ , θ ∈ S
1, a ∈ D
}
,
Aut(C) =
{
aζ + b|a, b ∈ C, a 6= 0
}
,
respectively. We see from both cases that the Up action on the fiber F
−1
∞ (p) is given by σθ(ζ) = e
iθζ
for θ ∈ S1, which means that the Up action on the fiber is the rotation action of S1 on C. The
property that U∞ is invariant under the Up action implies that
U∞(ζ
′, ζ¯ ′, 0, 0) = U∞(|ζ ′|, |ζ ′|, 0, 0), ∀ζ ′ ∈ C,
combining with (5.3), we see for any (ζ, w2, . . . , wn) ∈ X∞
U∞(ζ, w2, . . . , wn) = U˜∞
(|ζ|2(1 + |w|2))
for some single variable function U˜∞. 
5.1. Proof of Theorem 1.2. So far we have shown that X∞ ⊂ OCPn−1(−1) is a fiber bundle with
fibers either disk D or the line C and the metric g∞ is U(n)-invariant on C
n\{0} ∩ (X∞\E∞). We
know (Theorem 2.1, or [21]) that the metric g∞ is a complete gradient Ka¨hler Ricci soliton, i.e., for
some f∞ ∈ C∞(X∞) such that
(5.4) Ric(g∞) + i∂∂¯f∞ = g∞, ∇∇f∞ = 0
Without loss of generality, we can choose f∞ such that it is invariant under the U(n)-action on
C
n\{0}, since both g∞ and Ric(g∞) are invariant under U(n)-action. X∞\E∞ can be identified
with either a punctured ball B∗ ⊂ Cn\{0}, or Cn\{0}, on which the metric g∞ can be written as
g∞ = i∂∂¯u∞ satisfying the Calabi symmetry condition near z = 0 ∈ Cn, i.e.,
u∞ = u∞(ρ) = (n− 1)ρ+ U0(eρ), near ρ = −∞
for some smooth U0 : (−ǫ, ǫ) → R such that U ′0(0) > 0, U ′′0 (0) > 0, where ρ = log |z|2, and
u′∞, u
′′
∞ > 0. The equation (5.4) is equivalent to the following equation on X∞\E∞,
u(4)∞ − 2
(u′′′∞)
2
u′′∞
+ nu′′′∞ − (n− 1)
(u′′∞)
3
(u′∞)
2
− (u′′′∞u′∞ − (u′′∞)2) = 0,
where u′∞ =
d
dρu∞. Denote φ = u
′
∞, then by some calculations we see that the above equation is
equivalent to
(5.5) (log φ′)′ + (n− 1)(log φ)′ − µφ′ + φ− n = 0, for some µ ∈ R.
Lemma 5.3. µ 6= 0.
Proof. If µ = 0, then for Q := log det g∞+u∞ = −nρ+(n−1) logφ+log(φ′)+u∞, we have Q′ = 0,
and this implies the metric g∞ is KE with Ric(g∞) = g∞. Myers’ theorem from Riemannian
geometry implies the diameter of (X∞, g∞) is bounded, however, from previous arguments we know
the diameter of (X∞, g∞) is infinity, hence a contradiction. Thus µ 6= 0. 
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As in [8], since φ′ = u′′∞ > 0, we may write φ
′ = F (φ) for some smooth function F on R+, in
terms of which (5.5) can be written as
(5.6) F ′ +
(n− 1
φ
− µ
)
F − (n− φ) = 0,
and one can solve this first order ODE
(5.7) φ′ = F (φ) =
νeµφ
φn−1
+
φ
µ
− µ− 1
µn+1
n−1∑
j=0
n!
j!
µjφj+1−n,
for some constant ν ∈ R.
At any zero point φ0 of F (φ), by (5.6), we know F (φ0)
′ = n− φ0, and by the intermediate value
theorem this implies that F (φ) has at most two positive zeros 0 < a ≤ b satisfying 0 < a ≤ n ≤ b.
By the Calabi symmetry, we have
lim
ρ→−∞
φ(ρ) = n− 1, lim
ρ→−∞
φ′(ρ) = 0,
and 0 = limρ→−∞ φ
′ = limρ→−∞ F (φ) = F (n− 1), so a = n− 1 is a zero of F . Plugging a = n− 1
into (5.7) we get
(5.8)
νeµa
an−1
+
a
µ
− µ− 1
µn+1
n−1∑
j=0
n!
j!
µjaj+1−n = 0
Proposition 5.1. We must have µ > 0 and ν = 0.
Proof. Suppose µ < 0, then for large φ > 0, the leading term on the RHS of (5.7) is φ/µ, hence the
solution to (5.7) exists for all ρ ∈ (−∞,∞), and φ(ρ) is uniformly bounded for ρ ∈ R, we have
lim
ρ→∞
φ(ρ) = b, lim
ρ→∞
φ′(ρ) = 0, for some b > 0.
So we have a ≤ φ ≤ b. However, the volume of (X∞, g∞) is given by
V ol(X∞, g∞) = C(n)
∫ ∞
−∞
(φ)n−1φ′dρ = C(n)
(
( lim
ρ→∞
φ(ρ))n − an
)
,
and we know V ol(X∞, g∞) is unbounded, hence limρ→∞ φ(ρ) is not bounded, and we get a contra-
diction.
Suppose ν < 0, then for large φ, F (φ) is dominated by νφ1−neµφ < 0, and this implies F (φ) has
another zero b > a, which contradicts the unboundedness of the volume of (X∞, g∞) as before. If
ν > 0, F is controlled by the term νφ1−neµφ > 0 when φ is large, so there is no second zero b of F ,
and F > 0 on φ ∈ (a,∞), φ(ρ)→∞ as ρ converges to a maximal value ρ0 <∞.
For φ large enough, we have φ′ ≥ ce2µφ/3 for some small constant c = c(ν) > 0, integrating over
[ρ, ρ0), we have
eµφ(ρ) ≤ 1
cµ(ρ0 − ρ)3/2
,
and hence for φ large
u′′∞ = φ
′ ≤ 2ν
an−1
1
cµ(ρ0 − ρ)3/2
,
then the integral ∫ ρ0
0
√
u′′∞dρ ≤ C
∫ ρ0
0
1
(ρ0 − ρ)3/4
dρ <∞
contradicting the completeness of the metric g∞ on X∞. 
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Hence from (5.7) we know that the solution φ exists for all ρ ∈ (−∞,∞) since the leading term
on RHS of (5.7) is the linear φ/µ when φ is large and this implies X∞ is the line bundleOCPn−1(−1),
and from (5.8) we have
a
µ
− µ− 1
µn+1
n−1∑
j=0
n!
j!
µjaj+1−n = 0,
which must have a positive root µ = µ(n) for the given a = n−1 by the intermediate value theorem,
and for this root µ, the solution φ to (5.7) defines a complete Ka¨hler Ricci soliton, which must be
one of the FIK solutions constructed in [8].
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